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AbstrllCt-The stresses in a unidirectional fiber composite subjected to tension parallel to the fibers.
which has a single matrix crack bridged by fibers. are analyzed. Of interest is whether the enhanced
load sustained by the tibers C-.luses them to fail. In particular. we attempt to gain insight into the
effect of the tiber-matrix interface on the stresses experienced by the tibers. As a preliminary
approach to this issue. the analogous two-dimensional problem is studied. To simulate the inftuence
of a real interface. we allow for interfacial slippage governed by a Coulomb friction law. Results
for the dependence of the tiber stress on the tiber \'olume fraction. the interface parameters. and the
load are presented.

INTRODUCTION

(n ceramic-matrill: composites. mutrill: cracking occurs to a greuter or lesser ell:tent. Under
a tensile load applied parallel to the fibers. it is possible for a single crack in the matrill: to
traverse the entire specimen leaving the fibers intact. If the stresses sustained by these
bridging fibers are not too high. then the applied loud can be raised to the point that matrill:
cracks parallel to the first one can uppear (Aveston el 01.• 1971). On the other hand. if the
stresses imposed on the fibers are too intense. then the matrill: crack may penetrate the fibers
causing composite fuilure. Hence. further matrill: cmcking and. consequently. the ultimate
strength are dependent on the Slate of stress prevuiling once a single bridged matrill: crack
has traversed the entire specimen. This suggesls that a slress analysis of the configuration
shown in Fig. I would be quite useful.

However. the problem th.tl oughllO be solved is even more complicaled Ihan an initial
glance at Fig. I would suggest Specitically. the characler of Ihe fiber-matrill: inlerface plays
an important role which musl be incorporated. It is widely believed. alleast among materials
scientists dealing with ceramic-matrix composites. that matrix cracks are more likely 10

propagate into the fiber in syslems Ihal arc well bonded. On the olher hand. when the fiber
matrix inlerface is weuk. mulrill: cmcks tend to spare the fibers. A model which can quantify
Ihis effect of an imperfectly bonded inlerface has been put forward in a recent paper by

Fig. I. Schematic of tibers spanning a matrix crack.

lOll
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Dollar and Steif (1989). who focused on a single crack whose tips are impinging upon
interfaces that are capable of frictional slip. They found that the stress at the crack tip was
finite. and that the stress concentration was greater for interfaces that are "stronger". that
is. more resistant to slip. While the Coulomb friction model used by Dollar and Steif (1989)
is by no means the final word on descriptions of the interface. it is a tractable model
that may give realistic trends for the dependence of the stress concentration on interface
conditions.

In this paper we consider a problem which is the two-dimensional analog of the one
depicted in Fig. I. An infinite. two-dimensional solid. composed of alternating layers of
fibers and matrix that are linked by Coulomb friction. is subjected to remote plane strain
tension. Along the x-axis the matrix material is cracked. One expects that slippage occurs
along the fiber-matrix interface in the vicinity of the matrix crack. and that remote from
the crack plane the constituents stick to one another (there being no shear stress to drive
slip). Below, we propose an approximate. yet accurate, means for solving this problem.
This two-dimensional problem is considered because it can give at least qualitative insight
into the potential effect of the interface on the fracture of the bridging fibers. Furtbennore,
the approximate method proposed here to solve this problem may ultimately be gener
alizable to the three-dimensional problem.

ANALYSIS

The two-dimensional problem considered here is shown schematically in Fig. 2. A
remote stress a, is applied purallel to the fibers. For simplicity. the linear elastic fiber and
mutrix arc hlken to h.we the same isotropic moduli G and I'. This scemsjustified for ceramic
mutrix composites. where the fiber .tnd mutrix typically h.we similar moduli. To complete
the description of this problem. we elaborate upon the interface law. Relative motion at
the interface is modeled with Coulomb friction. an approach which has been used by the
authors in two reL'Cnt papers (Dollar and Steif, 1988. 1989). According to this interface law,
each point along the interl~tce is either sticking. slipping. or opening. For mathematical
convenience. let the interl~tce lie ulong the y-axis. Then. these three states are described as
follows:

dg dh
stick condition a < 0, Il'l < pial, -=0 h=-=O (Ia)

dt ' dl

sgn (<Ji) = sgn (t),
dh

(Ib)slip condition a < O. It1= pial. h= -=0
dt

open condition a = r = O. 11>0 ( Ie)

-l1at-
-l 2b 1-

Fig. 2. Two-dimensional problem of frictionally constrained fibers spanning a matrix crack.
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9 = lim [l'(f:.y)-t·( -f:.y)]
£-0'"

h = lim [u(f:.y)-u( -f:.Y)].
£-0'"
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(n these equations (1.u and (1,t," denote the usual Cartesian components of stress. U and I'

denote the x- and y-eomponents of displacement. respectively. and J.l is the friction
coefficient. (n applying eqns (I). one must be careful to use the total stresses. including any
residual stresses. Thus. two parameters characterize each point on the interface: the residual
stress (always normal if arising from. say. differences in thermal expansion coefficient) and
the coefficient of friction. (n the problem posed below. both quantities will be assumed to
be constant along the interfaces. (n particular. we simulate a residual stress at the interface
by applying a uniform compressive stress (10' Note that this interface law assumes no
bonding or adhesion at the interface.

Symmetry of the problem shown in Fig. 2 dictates that the extent of slip is the same
for all fibers: however. it is dependent on the load in a manner which comes out of the
analysis. It is also useful at the outset to bear in mind that all fibers carry the same average
stress at the pklne of the matrix crack. namely. (1~1Vr• where Vr=alb is the fiber volume
fraction. While a finite element method could be used to solve this problem. as it takes
advantage of the symmetry inherent in the infinite array of fibers. the resolution of stresses
at the crack tip impinging upon the frictional interface may be unreliable. (nstead. a method
is otTered here which is likely to be more accurate than would be a finite clement method.
but which is still relatively tractable.

To sec the motivation for this alternative method. consider the consequences of using
superposition and solving the equivalent problem ofpressuring open the crack faces between
the bridging fibers. Note further that this problem can be restated as one on a half-pl<me
(sec Fig. 3): the surface of the half-pl<me is free of shear stress and there arc alternating
regions of uniform pressure (1,,, and zero normal displacement (where the fibers arc). Note
that the periodicity implies that the pressure along, say. -h < x < -tl is equilibrated by a
tension along -tl < .\' < O.

Our method of solution is based on the following assumption: the stress field in the
region where the matrix crack impinges upon the fiber that lies along -a < x < a may be
calculated-with satisfactory accuracy-by considering only the surface loading along
-h < x < h. This loading of the half-plane. with the surface free of traction except along
- h < x < b. is equivalent to an infinite medium with two semi-infinite cracks. one extending
from - 00 < x < -tl and one extending from a < x < 00. which are pressured open by (1,-"

along -h < x < -tl and a < x < b (see Fig. 4). We base the above assumption upon the
notion that the efTects of anyone of the self-equilibrating loadings of the boundary of

Fig. 3. Restatemt:nt of two-dimensional problem in terms of a half-plane.
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Fig. 4. Boundilry value problem which mimics the infinite array of fibers spilnning a matrix crack.

the half-phtne (e.g.• nh-a < x< 1/h+a. for n= o. ± I. ±2. ±3....) decay quickly with
distance; in particular. the stress contribution associated with each self-equilibrating load
ing decays as I/r~ for a perfectly bonded interface. In essence. this approximation neglects
the eflects ofall but the loading e10sest to any particul.tr fiber. In addition. the approximation
neglects the influence of slipp'lge along interfaces other than those bounding the fiber in
question.

We ofler further justification for this approach by applying it to the siluation in whil.:h
no slip is permitted at the fiber-m.llrix interface (perfect bonding); then. the problem we
wish 10 solve is that ofan infinite. periodic array ofcracks. which has a closed form solution
(Tada ('( til.• 1973). Our approximate method yields the problem shown in fig. 4. but with
no slippage at the interf.tee. This also has a closed form solution which can be compared
direclly with the exact solution for the periodic array.

The solutions for these two problems are conveniently expressed in terms of the
Muskhelishvili (1963) complex analytic functions 4J and t/J. which are related to the stress
and displacements according to

0'«+0'.•..,. = 2(4J'+cP')

0' .... -0',.,+2il1" = 2(=4J"+t/J')

2G(u+iv) = 1I:4J-=4>'-tf

(2.1)

(2b)

(2c)

where == x + iy. ( )' denotes complex differentiation with respect to =. an overbar denotes
complex conjugation. and II: = 3 - 4v in plane strain.

For the problem depicted in Fig. 4. one can obtain the solution 4)-which we write as
4Ju for this ease of no interfacial slippage-by a standard method (conversion to a Hilbert
problem and integration of a Cauchy singular integral). 4Jo is found to be

, -11 .... { [Jz2-a~-Jh~-a2J Jh~-a~}4Jo =-.- \log +--=~ .
1tI • J=2-a2+Jh~-a2 J=~-a2

For this class of problems. the other potential. t/Jo. is related to 4Jo by

t/J~ = -=4J~.

(3)

(4)
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The exact solution for the periodic array of cracks (each of half-length c == b-a) is
given by

1
.1[: )Sin 2b

rP' :: !O' x -'=si=n2=;=~=_=si=n=2;=~ - I .
(5)

Various aspects of the two solutions just given may be compared. For example, the
respective stress intensity factors are

(6a,b)

where At, and Aapp denote the exact (periodic cracks) and approximate (Fig. 4) stress
intensity factors, respectively. At worst, when b-a« a (isolated cracks or closely spaced
fibers), these solutions differ by II %. When h» a (nearly impinging cracks or widely
spuct,.xl fibers), the stress intensity factors approach the Silme value

(7)

Il is not surprising that our approximate method yields accurate results for widely·
spaced fibers; in this limit the fibers that transmit the applied stress across the matrix crack
plane do not sce one another. However, it is remarkable how close the stress intensity
factors arc for typically spaced fibers. For ex,lmple, with a fiber volume fraction of 50%
(alh =0.5), the stress intensity factors differ by 2.3 %. The reasonable accuracy obtained
in applying this approximate method to the c<lse of perfect bonding is taken as sufficient
justifkution for using this method when slippage occurs at the fiber-matrix interface. It
ought to be mentioned, however, th<lt one should expect our method to be somewhat less
accumte for the cusc ofslipping fibers, in which the rates ofdecuy will be slower (sec Dollar
and Steif, 1988).

Before we outline the solution method for the caSC of slippage at the interface, we
consider briefly the nature of the tit:lds in the vicinity of the crack tips. The near-tip behavior
when a crack impinges upon a slipping interface was discussed in some detail in a previous
paper by the authors (Dollar and Steif, 1989); we found that the stress at the crack tip was
finite. That is, there arc no admissible crack-tip eigenfunctions, satisfying the conditions of
traction-free crack faces and frictional slippage at the interface, which exhibit singular
stresses. The dominant eigenfunction is one involving piece-wise constant stresses, the only
non-zero stress component being the tensile stress O'vy ahead of the crack tip. Our solution
method is such that this ncar-tip behavior can be simulated. (Actually, the additional
condition imposed in Dollar and Steif (1989) was that slippage was to occur such that the
crack opened; for a closing crack, a singular compressive stress ahead of the crack tip is
possible.}

The solution method follows closely the method used in other papers focusing on the
effects of frictional slippage (Dollar and Steif, 1988, 1989). Slippage at the interface is
represented by a continuous distribution of dislocations. The total stresses are the sums of
the stresses associated with the perfectly bonded solution (rPo,"'o) and the stresses associated
with the distributed dislocations. One obtains a singular integral equation for the dislocation
density by enforcing the friction condition (I b) along the slip zone. The length of the slip
zone is unknown and is found as part of the solution.

To use superposition as indicated above, one must have, as the kernel solution, the
solution to the problem of a dislocation in an infinite medium which has two semi-infinite,
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traction-free cracks. The technique to find such a solution is given by Lo (1978) (among
others). who used distributed dislocations to represent the kinked part of a kinked crack.
For a dislocation with Burger's vector b = b,.j one finds this kernel solution to be given by

where

q,' = q,~ +q,~

IjI' = IjI~ +IjI~

X(:u)
1- -

X(:)
F(:.:u) = ..,( )

- - -u

Gh.
!X = --~--.

1t(II:+ I)

(8a)

(8b)

(9a.b)

( 10)

(II)

( 12)

( 13)

( 14)

(15)

This solutions appears to be quite similar to the kernel solution for a tinite crack ~ee

Lo. 1978). One important difference here is that the branch of the square root )=2_ a2is
the one which has discontinuities along the branch cuts- oX) < x < -=-l'L~nd a < x < 00.

Here. the constant c can be evaluated by noting that the function C/.j;2_ (12 is the solution
to the problem of a tlat. rigid. frictionless punch applied to the lower (or upper) half-plane.
It is obvious that a solution to the punch problem (with an arbitrary load) may be
superposed on the dislocation solution. Clearly. it is desired to have that dislocation solution
which involves zero net force transmitted across -a < x < a. Hence. c must be zero.

To formulate an integral equation. we now assume that the interface remains closed
everywhere and that slip occurs along a single portion of each interface (x = ±a.
- L < J' < L). with the remainder of the interface being in a stick condition. [One must
determine Cl posteriori if. in fact. the interface remains closed; this is done by checking the
results to see whether (1 .. < o. For the results presented. including friction coefficients up
to Jl = 0.3. the interface was found to remain closed. Furthermore. since the interfacial
compression increases with the applied load. it is suspected that the interface remains closed
for all levels of load. On the other hand. as found in Dollar and Steif (1989). there is
some opening at the interface for higher friction coefficients. provided the applied load is
sutliciently smaiL] Then. it is necessary to distribute dislocations (with Burger's vector in
the y-direction) only along the slipped portions of the interface. The distribution of dis
locations is chosen to satisfy the following integral equation which enforces the friction
condition CT n = ± JlICT ..1 along the slip zones:
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(16)

where b(y) is the dislocation density. and the functions Ro (the singular part). R .. R2 and
f are given in the Appendix.

Of the various quantities which may be computed from the solution. the tensile stress
immediately ahead of the crack tips is the most important one considered here. This tensile
stress. (0"-")1;1" can be obtained in two ways. First. it is readily shown that this stress is
related to the dislocation density as one approaches the crack tip from the slip zone
according to

E
(0'.1·,)1;1' = 1- v2 b(O). (17)

Alternatively. the stress at various points ahead of the crack tip can be computed from the
entire distribution ofdislocations. followed by an extrapolation to the crack tip. The degree
to which these two methods yield the same number is a measure of the accuracy of the
numerical solution to (16). Generally. agreement to within a few percent was found.

The results to be presented will indicate how the tensile stress at the crack tips, and.
hence. the likelihood of fiber failure before multiple cracking can set in, depends on
conditions at the interface. In addition, we will present results for the extent of slip, the
crack-tip opening (maximum slippage at the interface), and the rate of load transfer from
the fiber to the matrix.

RESULTS

In this section we present results which indicate the dependence ofquantities of interest
on the m.lterial paramelers. It is simplest to consider first the limiting situation of a very
low concentration of fibers. In such circumst'lOces, one can model the problem as a single
fiber being pulled out ofa half-plane. This problem, shown schematically in Fig. 5. is similar
to an earlier problem considered by the authors (Dollar and Steif, 1988) in which a fiber is
pulled out from (or pushed into) a half-plane by a uniform normal stress. (A by-product
of considering this limiting problem is the opportunity to contrast the two boundary
conditions of a uniform displacement and a uniform traction). With this limiting case, one
can sec the essential effect of the load and the friction coellicient. Later, when the full
problem is considered. the effect of nearby fibers will be evident.

When the interface is perfectly bonded. the solution to the fiber pull-out problem is
the negative of the solution for a rigid, flat, frictionless punch pressed into a half-plane.
Therefore. the solution. t/J~, is given by (Muskhelishvili. 1963)

(J., • o. v • CDftSIanI

0' • 0. • 0 (J • 0', • 0

Fig. 5. Pull-out problem which is equivalent to limiting case of h{a - 00.
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( 18)
iP

cP~ = 27tX(=)

where P is the load transmitted through the fiber and .r(=) is defined by (14). As expected.
the stresses are square-root singular as the crack tip is approached. Once we allow frictional
slip to occur. however. the interface serves to "blunt" the impinging matrix crack. To see
this effect. consider Fig. 6 in which the stress at the tip. normalized by the average fiber
load is plotted as a function of the fiber load. The dependence on the fiber load. insofar as
it is normalized by 11.(10. is typical of problems involving frictional interfaces. For loads that
are small compared with the nominal friction stress JJao. one. in some sense. recovers the
perfectly bonded case. As the applied stress increases relative to Ilao. the blunting effect of
the interface increases.

[Actually. the perfectly bonded case is not precisely recovered for small loads. In that
limit. our problem becomes a small scale slipping problem (studied by Dollar and Steif.
1989). in which the crack tip in effect senses a remotely applied elastic singular field. As
shown by DolI'lr and Steif (1989). the tensile stress at the crack tip in the small scale slipping
limit is actually proportional to the residual stress ao. Since this is the case for arbitrarily
small applied loads. the corresponding stress concentration factor properly becomes infinite
in the limit of a vanishing small load.]

The dependence on It is not solely through the combination Ilao. however. This depen
dence was an important aspect of'l recent theoretical study of the pull-out test by Dollar
and Steif (19R8). They compared results based on the Coulomb friction interface model
with results based on a well-established approximate method of analysis. This method.
which cun be used to compute the extent of slip. the relative displucement at the interface
and the load trunsfer. rests on the assumption of a constant shear stress prevailing at the
interface. (For convenience. we refer to this method as the CSSA -the constant shear stress
approximation.) C'ompurisons were made to see whether it is suflicient to employ a CSSA
(in which JUl n is taken to he the constant shear stress). even through the friction stress.
strictly speaking. varies point-wise uecording to the Coulomb friction law. To the extent
that the Coulomb friction-based results are dependent only on the product JU1 n• und not on
It .lOd "n individually. the CSSA is adcquatc. In fact. thc CSSA was found in some instances
to be udequute. particularly when the friction coefficient is small. Unfortunately. there
uppcurs not be u CSSA to the stress conccntration at the crack tip: thus. no such comparison
is possible. In any event. a CSSA coulr' not possibly predict the stress concentration
accurately since it clearly depends on Il" .d"o individually. and not just upon Ilao.

Turning to Fig. 7. one can see the Slop length (still for the case of widely spaced fibers).
Results obtained here are plotted as the solid lines: two other results are shown for

5.0

4.0

3.0
a llp

p/2a 0.1 -11

2.0 0.2
0.3

1.0

24.020.08.04.0

0.0 l.--_---l__---l__~__~__.....L..______J

0.0 12.0 16.0

p/2a

I.lao
Fig. 6. Tensile stress at crack tip as a function of pull-out load.
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Fig. 7. Slip length as a runction or pull-out load. (-) Present problem or unirorm appli,,'<!
displa,,-cmcnt; (- - -) unirorm applied traction; (... ) constant shcar stress approllimalion.

comparison. The dotted line is the prediction bused on the CSSA. which is described in
more detuil below for the purtieular problem considered here. Cleurly. there is some
discrepancy. particularly for low 10<1ds. With increasing loads. however. the CSSA may be
viewed as :Idequate. Also shown in Fig. 7 arc the results of a previous analysis of the pull·
out problem (Dollur und Steif. 1988). in which a uniform normal tension was applied to
the fiber (see dashed curves). Again. there are discrepancies at low loads. Under a uniform
tension. slip docs not initiate immediately because the shear stress is less than J-l times the
normal stress. Under a uniform displacement (the crack problem here). slippage occurs
immediately upon application of the load. However. the curves rapidly approach one
another as the load is increased. In fact. in the limit of a very large load. the two problems
become identical; the tractions across the fiber (to which a uniform displacement is applied)
bccome uniform. as suggested by the stress concentration shown in Fig. 6. (The slight
discrepancies betwecn the solid and dashed curves in Fig. 7 for large loads are associatcd
with slightly different numerical formulations.)

Figure 8 indicates the crack tip opening displacement. This opening corresponds to
the m:lximum amount of slip at the interface (as y -- 0). As in Fig. 7. the solid lines are the
rcsults of the calculations carried out here; the dotted line is the CSSA and the dashed Iincs
arc the results of the pull-out test with a uniform tension. The CSSA agrees reasonably well
with lhe present results. though it. of course, does not predict any dependence on J-l alone.
As mentioned above. interfacial slippage does not occur in the uniform tension pull-out
test until a finite load is applied. For higher loads there appears to be a constant discrepancy
between thc prescnt results and the uniform tension pull-out test.

We now allow the matrix crack to be spanned by a non-eli/ute concentration of fibers
(finite values of bla). First. the dependence of the stress concentration on the load is shown
in Fig. 9 for various bla (J-l = 0.3). As before. the stress concentration diminishes with the
dimensionless applied stress. To allow a proper comparison for a range of bla. we have
defined the dimensionless stress to be the average stress transmitted by the fiber when the
remote load is applied. normalized by the nominal friction stress J-lr10 ' One can see that the
stress concentration increases with the fiber volume fraction. assuming a fixed amount of
load transmitted by the fiber.
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Fig. 9. Tensile stress at crack lip as a function of opening pressure.

The extent of slip is plotted in Fig. 10 as a function of the dimensionless load. As
indicated above, the slip length is one of several quantities that may be computed on the
basis of a CSSA. Let JUro be the constant shear stress acting across the interface. The slip
length is taken to be the distance over which all of the load in the fiber is transferred to the
matrix. This approximate slip length, LcsSII.. which is readily determined to be

(19)

is plotted in Fig. 10 as the dotted line. As can be seen, the approximation may be satisfactory
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10. Slip length as a function of opening pressure. (-) Numerical solution to integral
equation; (---) constant shear stress approximation.
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Fig. II. Crack tip opening as a function of opening pressure. (--) Numerical solution to integr,,1
equation; (---) constant shear stress approximation.

depending on the desired accuracy. Note that the limit of a dilute concentration of fibers
is obtained by filling (J'XJb/a and letting alb - O.

In Fig. 11 the crack tip opening is plotted as a function of the dimensionless load. For
comparison. the CSSA to the slippage at the interface is shown as the dotted lines. The

SAS 27&I-r
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approximate slippage is readily derived by integrating the difference (across the interface)
in the longitudinal strain. the integration being from the matrix crack to the end of the slip
zone. The result is

(20)

In particular. for a fiber volume fraction of 0.5 (b/a = 2). the CSSA given by (20) differs
from the numerical solution of the integral equation by up to 40°0. at least for a friction
coefficient of 0.3. Note also that earlier work on the pull-out test would suggest that the
CSSA and numerical results based on a Coulomb friction interface deviate with increasing
friction coefficient. Although it must be borne in mind that the present analysis is approxi
mate. particularly insofar as the configuration of Fig. 4 is analyzed. the results still suggest
that the CSSA be applied cautiously to computing the opening at the crack tip.

We now turn to the transfer of load from the fibers to the matrix. a crucial element in
many theories of composite strength. Consider Fig. 12. in which the average stress in the
fiber. normalized by the average stress at the matrix-<:rack plane. is plotted as a function
of distance from the matrix-<:rack plane. Different solid curves correspond to different
coefficients of friction (hla is fixed at 2.0). The CSSA. which predicts linear load transfer.
is plotted as the dotted line in Fig. 12. For comparison. the load transfer rate assuming
perfect bonding is also plotted (dashed line). As a previous study indic'lted (Dollar and
Steil'. 1988). load transfer with Coulomb friction is generally substantially slower than under
conditions of perfl.:ct honding. [When a fiber is being pusht.'d in Dollar and Steif (1988). the
predictions of perfect bonding and a Coulomb friction model approach one another as the
friction coefficient becomes very large.) Here. the CSSA is in fair agreement with the
Coulomb friction results.

Fin'llly. we provide 'Ill additional me.llls of gauging the accuracy of the approach that
we have taken to modd the inlinite array of fibers. By consideration of the stress intensity
f;u:tors for the perfectly bonded problems. it was shown abovc that our method yields
results that arc a few percent dilTerent from thc exact result for an infinite line of cracks. at
least for typical liber volume fractions. This gives confidence to our predictions for the
stress concentration at the crack tip when slippage occurs. In Fig. 13. we compare the load
transfer rates for these two perfectly bonded problems. The agreement between them is
quite good when the fibers are relatively far apart. consistent with the original justification
olTered above for our approach. Even with typical fiber volume fractions (h/a = 2.0). the
solutions are similar near the matrix crack; substantial deviations are evident further from
the matrix crack. It is more difficult to say anything certain about the accuracy of the
solution once slip occurs. However, the agreement between the CSSA and our results leads
one to have some faith in the load transfer results. at least near the matrix crack.
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APPE~DIX

In this Appendix we give expressions for the tenns in the dimensionless version ofeqn (16). Spatial variables
have been non-dimensionalized by a. stresses by t1 < or P :!a as appropriate. and the dislocation intensity b(y,,} by
PIt!1I: + I )/(~G(/) or t1 < It(lI:+ I )iG as appropriate.

[Iij+h~ h<+h~J .R,ll'.y,,) =< ~ 1m {h~}+ 1m T +~ +2y Re (H (:.:,,»)

[
Iij +h; Ji1 +h~J' .R2Cv.y,,) = - Re T +~ +-y 1m {H (:. :,,»)- 2 Re [H(:. :,,»)

where

I I I
h2 = --., h) =:--:;-. h. =:--:;.:-:" .+." ·+.0

2 [ :ij - I ] 2 [ :ij - I ]H(:. :0) = • 1+ + , 1- . .
[X(:l+ X(:.))· X(:)X(:o) [Xl:) - X(:,,)}- .\(:)X(:,,)

The function/(y) is written as

where

-2 [:]
f,(y) =< ItY 1m {X(:)j'

for the pull-put problem (b - 00) and

f,(y) = - 21' Rc {tP~(:)J

for the calli: of linite b, The fUO\:lion tP~ is given by eqn (3).


